Abstract: Following the previous work of Qiu and Shu [SIAM J. Sci. Comput., 31 (2008), 584-607], we investigate the performance of Hermite weighted essentially non-oscillatory (HWENO) scheme for nonconvex conservation laws. Similar to many other high order methods, we show that the finite volume HWENO scheme performs poorly for some nonconvex conservation laws. We modify the scheme around the nonconvex regions, based on a first order monotone scheme and a second entropic projection, to ensure entropic convergence. Extensive numerical tests are performed. Compare with the earlier work of Qiu and Shu which focuses on 1D scalar problems, we apply the modified schemes (both WENO and HWENO) to one-dimensional Euler system with nonconvex equation of state and two-dimensional problems.
Introduction
In this paper, we consider the Cauchy problem for nonconvex hyperbolic conservation laws:
q t + ∇ · F (q) = 0, q(x, 0) = q 0 (x), (1.1) whose entropy solutions may admit composite waves which involve a sequence of shocks and rarefaction waves and are difficult to be resolved numerically. Such examples include scalar conservation laws with nonconvex flux functions and hyperbolic systems such as the Euler system and magnetohydrodynamics system with a nonconvex equation of state (EOS) [6, 17, 7, 12] .
It is well known that first order monotone schemes converge to entropy solutions of both convex and nonconvex conservation laws [3] , but with a relatively slow convergence rate. It has also been known [5, 11] that there are some nonconvex conservation laws, for which high order schemes such as the ones with weighted essentially non-oscillatory (WENO) reconstructions [14] and discontinuous Galerkin methods [2] would fail to converge to the entropy solution. There have been great research effort in ensuring entropic convergence for general nonlinear conservation laws, for example by adding entropy viscosity [4] and by modifying reconstruction operators. Examples for the latter approach include the computationally inexpensive strategy proposed in [5] on an adaptive choice between a low order dissipative reconstruction and a high order central WENO scheme, as well as low order modifications around nonconvex regions to ensure entropic convergence proposed in [11] . Compare with the work in [5] , with more computational effort, the second order entropic convergence of the schemes can be rigorously proved [1] .
This paper is a natural extension of our earlier work in [11] . We investigate the performance of the finite volume Hermite WENO (HWENO) scheme for nonconvex conservation laws and apply the corresponding modifications as being done in [11] . In addition to the scalar examples discussed in [11] , we investigate the performance of modified WENO and HWENO scheme for 2D problems, as suggested in [5] . The FV HWENO scheme was originally proposed in [8, 9] . The key idea of the scheme is to evolve more pieces of information,
i.e. functions and their spatial gradients, per computational cell. With such mechanism, the HWENO scheme has relatively compact stencils, hence it is easier to handle boundary conditions compared with the traditional WENO scheme [14] . Moreover, with the same formal accuracy, compact stencils are known to exhibit better resolution of small scale structures by improving dispersive and dissipative properties.
An outline of this paper is as follows. Section 2 describes the high order FV HWENO scheme. In Section 3, FV HWENO schemes with a first order monotone modification and a second order modification using an entropic projection around nonconvex regions are proposed for nonconvex conservation laws. In Section 4, numerical examples are shown to demonstrate the effectively of proposed schemes. Concluding remarks are given in Section 5.
Description of FV HWENO schemes
We briefly review the FV HWENO scheme for solving conservation laws [8, 9, 20] . The idea of HWENO method is to numerically evolve both the function and its spatial gradients, and use these information in the reconstruction process. Thus it leads to a more compact reconstruction stencil compared with the traditional WENO scheme [13, 14] .
General scheme formulation of HWENO. Taking the gradient with respect to spatial variables in (1.1), we obtain the evolution equation for function's gradients,
where ⊗ is a tensor product. The FV HWENO scheme is defined for the equations:
where U = (q, ∇q)
. We integrate the system (2.2) on a control
volume Ω k , which is an interval I j = [x j− ] for 2D cases. The integral form of (2.2) reads,
where |Ω k | is the volume of Ω k and n represents the outward unit normal vector to ∂Ω k .
The line integral in (2.3) can be approximated by a L-point Gaussian quadrature on each
where G sl and ω l are Gaussian quadrature points on ∂Ω ks and weights respectively. F(U(G sl , t))· n is evaluated by a numerical flux (approximate or exact Riemann solvers). We adopt the Lax-Friedrichs flux in this paper, which is given by
where α is taken as an upper bound for eigenvalues of the Jacobian along the direction n, and U − and U + are the reconstructed values of U at Gaussian point G sl inside and outside Ω k . Finally, the semi-discretization HWENO scheme (2.3) can be written in the following
The ODE system (2.5) is then discretized in time by a strong stability preserving RungeKutta (RK) method in [15] . The following third-order version is used in this paper,
A scalar 1D example. As an example, we consider a scalar 1D equation,
Taking the derivative of (2.7), we obtain the equation for the derivative,
where ξ = q x and H(q, ξ) = f (q)ξ. Let q j and ξ j denote approximation to cell averages of q and ξ over cell I j respectively, the semi-discrete FV HWENO scheme is designed by approximating spatial derivatives in equation (2.7) and (2.8) with the following flux difference are reconstructed with high order from neighboring cell averages q and ξ. The details of such reconstruction procedures can be found in [8] . f (a, b) is a monotone numerical flux (non-decreasing in the first argument and non-increasing in the second argument), and H(a, b; c, d) is non-decreasing in the third argument and non-increasing in the fourth argument. In this paper, we use the Lax-Friedrichs flux in [8] ,
where α = max q |f (q)|. For the first order "building block" of the HWENO scheme with the Lax-Friedrichs flux, the total variation stability is proved in [8] .
A scalar 2D example. We consider a 2D problem on a rectangular domain [a, b] × [c, d]:
We consider a set of uniform mesh with
Let ξ = dxdy be cell averages. Taking spatial derivatives of (2.11), we obtain
12)
where
).
(2.14)
We define f i+ 1 2 ,j = 1 ∆y
,j = 1 ∆y
,j = 1 ∆y , R i,j+ 1 2 and S i,j+ 1 2 in eq. (2.14) are evaluated in a similar fashion as the average of fluxes over the top boundary of a cell.
We only review the fourth order reconstruction in 2D and refer to [20] for more details.
We relabel the cell I ij and its neighboring cells as I 1 , · · · , I 9 as shown in Figure 2 .1, where
the following stencils,
6 , I 7 , I 8 , I 9 } to approximate q(x, y). For instance, a quadratic polynomial can be reconstructed based on the information {q 1 , q 2 , q 4 , q 5 , ξ 4 , η 2 } in the stencil S 1 . Such reconstruction will reconstruct a quadratic polynomial on I ij . Similar reconstructions can be done for stencil S 2 , S 3 and S 4 . For stencil S 5 to S 8 , only cell averages are used in the reconstruction process. We remark that other combination of information are possible for reconstructing 2D quadratic polynomial. The one we just mentioned seems to be very robust and is implemented in our numerical experiments. If we choose the linear weights denoted by γ
is valid for any polynomial q of degree at most 3, leading to a fourth-order approximation of q at the point G l for all sufficiently smooth functions q. Notice that (2.18) holds for any polynomial q of degree at most 2 if
There are four additional constraints on the linear weights γ
8 so that (2.18) holds for q = x 3 , x 2 y, xy 2 and y 3 . The rest of free parameters are determined by a least square procedure to minimize
As for the derivatives (e.g. ξ − (G l , t)), a third-order approximation in each stencil is enough to obtain the fourth-order approximation to q(x, y). For instance, a cubic polynomial on I 5 can be reconstructed based on the information {q 1 ,q 2 ,q 4 ,q 5 ,ξ 1 ,ξ 4 , ξ 5 ,η 1 ,η 2 ,η 5 } in the stencil S 1 . Similar reconstructions can be done for stencil S 2 , S 3 and S 4 . The information 
The modified FV HWENO schemes for nonconvex conservation laws
Although FV HWENO schemes can be successfully applied in many applications [8, 9, 20, 10, 19] , they perform poorly for some nonconvex conservation laws as shown below. To remedy this, we propose a first order monotone modification and a second order modification with an entropic projection around nonconvex regions.
An example of nonconvex conservation laws with poor performance for the FV HWENO scheme
We first show a nonconvex conservation law, for which the FV HWENO scheme performs poorly in converging to the entropy solution. We consider the scalar equation (2.7) with the nonconvex flux f (q) = sin(q) and the initial condition
It is shown in Figure 3 .2, that the numerical solution of the high order FV HWENO scheme does not converge to the entropy solution (solid black lines given by the first order Godunov scheme with a very refined mesh). One of the rarefaction waves in the compound wave is missing. 
First order monotone modification
In this subsection, we propose a first order modification to the FV HWENO scheme for 1D nonconvex conservation laws following a similar idea in [11] . The scheme can be summarized as follows, after a suitable initialization to obtain q 0 and ξ 0 .
1. Perform the HWENO reconstruction [8] .
At each cell interface, say x j+ 1 2 , reconstruct the point values q ± j+ 1 2 and derivative values
using neighboring cell average q and ξ respectively by the fifth order HWENO reconstruction procedure in Section 2.
2. Identify the troubled cell boundary x j+ , q j and q j+1 all fall into the same linear, convex or concave region of the flux function f (q). Otherwise, it is defined to be a troubled cell boundary.
3. At troubled cell boundaries, modify the numerical flux f j+ with a discontinuity indicator in [18] . Specifically, the discontinuity indicator φ j is defined as
Here ε is a small positive number taken as 10 −6 in the code, and q max and q min are the maximum and minimum values of q j over all cells. The discontinuity indicator φ j has the property that
• φ j is on the order of O(∆x 2 ) in smooth regions.
• φ j is close to O(1) near a strong discontinuity. ∼ ξ j+1 , indicating a first order monotone scheme is taking effect around a nonconvex discontinuous region. When a troubled cell boundary is in a smooth region, the modification is obtained with the magnitude at most of the size
hence it does not affect the fifth order accuracy of the scheme.
It is natural to extend the above first order modification to 2D problems. With the system, the HWENO reconstructions are performed in local characteristics directions [8] , then a first order monotone modification in the form of (3.3) and (3.4) is applied. For 2D problems, we identify trouble cell boundaries, that is to check if the convexity fails, via
Gaussian points along cell boundaries, e.g. q ± i+ 1 2 ,ig in equation (2.15) . Similarly the first order modification is performed with respect to these Gaussian points along cell boundaries.
Second order modification with an entropic projection
A MUSCL type method with an entropic projection is proposed in [1] . It is proved in the same paper that schemes with such entropic projection enjoy cell entropy inequalities for all convex entropy functions. In the following, we apply such entropic projection as a modification to the HWENO scheme around nonconvex regions to ensure entropic convergence.
Review of the MUSCL method satisfying all the numerical entropy inequalities.
The procedure of the MUSCL scheme satisfying all entropy inequalities can be summarized below. Let the numerical solution at time level n be written as q where the minmod function is defined as follows,
It consists of two steps to evolve from q n to q n+1 .
1. Exact evolution (T ∆x ): Evolve (2.7) exactly for a time step ∆t, to obtain a solution q n+1 , which in general is not a piecewise linear function anymore.
2. An entropic projection (P 1 ): Find a second order approximation to q n+1 by a piecewise linear function q n+1 , satisfying
for all convex entropy function U (u). Second order reconstruction satisfying (3.5) can be obtain by setting the cell average as
and the slope as
The minmod function of g(x) on the interval (a, b) is defined as
, if g(y) < 0, ∀y ∈ (a, b). In summary, the scheme can be written out in the following abstract form
It enjoys the following convergence theorem as proved in [1] .
. Let T = n∆t, u(·, T ) be the exact entropy solution to (2.7) with the initial data q 0 ∈ L 1 ∩ BV (R), f ∞ = max q∈[min q 0 ,max q 0 ] f (q), then there exists a constant C, such that
The second order MUSCL scheme with the entropic projection (3.10) converges to the unique entropy solution, when ∆t = O(∆x).
Second order modification to the fifth order FV HWENO schemes
At each time step evolution, {q j , ξ j , q Step 1. Compute q n,± j± 1 2 by performing the HWENO reconstruction from {q n j , ξ n j }.
Step 2. Update q 1. Identify the troubled cell boundaries, for which we refer to Criterion I in section 3.2 for the details.
2. Only at trouble cell boundaries, modify numerical fluxes f j+ 1 2 and H j+ 1 2 as follows.
We let f j+ 
with φ j defined by (3.2) at the troubled cell boundary.
3. Update the solution at the first RK stage as follows,
Step 3. Update q Trouble cells. At a nonconvex troubled cell I j , we apply a first order scheme on a refined mesh by evolving a time step ∆t. Specifically, we evolve equation (2.7) with the initial condition
where s . A periodic boundary condition on I j−1 ∪ I j ∪ I j+1 is used. We consider a refined numerical mesh of cell 15) and apply a first order scheme with entropic convergence to evolve the solution for ∆t. Let q (1) | I j be the evolved solution, approximated by a piecewise constant function sitting on the refined numerical mesh with the truncation error
. We compute the average and slope of the linear function approximating q (1) | I j on I j via the entropic projection as follows: the average is taken as the average of q (1) | I j and the slope is computed as follows
)), (3.16) where
Finally,
Good cells. For a good cell I j , update q , where q
and q
(1),− j+ 
Numerical Experiments
In Section 4.1, we compare the performance of the fifth order FV HWENO scheme (HWENO5) and the fifth order FV WENO scheme (WENO5) with the first order modification (mod1) and the second order entropic projection (mod2) respectively for solving 1D nonconvex conservational laws. In Section 4.2, we present the performance of the modified WENO5 and HWENO scheme (HWENO4) for 2D problems. The numerical fluxes used in this paper are the global Lax-Friedrich flux.
4.1 1D scalar problems EXAMPLE 1. We consider the nonconvex conservation law
We compute the solution up to t = 0.2. Table 4 .1 gives the L 1 and L ∞ errors and the corresponding orders of accuracy of the regular and modified HWENO5 and WENO5 schemes.
We can see that errors of HWENO5 are smaller than those of WENO5 with the same mesh.
Very little difference is observed among the regular and two modified HWENO5 and WENO5
schemes. = 0 with initial condition q 0 (x) = sin(πx) and periodic boundary conditions.
The L 1 and L ∞ errors and the corresponding orders of accuracy for the regular HWENO5 and WENO5, the corresponding two versions of modified schemes at the time t = 0.2. in Section 3.1. We plot numerical solutions of two modified schemes in Fig. 4 .3. They both successfully converge to the correct entropy solution, with the development of a compound wave including a shock, a rarefaction wave, followed by another shock and another rarefaction wave. 
with the initial condition
In the left panel of Figure 4 .4, the HWENO5 seems to converge to the entropy solution slowly, which might be related to the fact that the reconstruction of the solution at the rarefaction waves comes from neighboring cells and is not a good approximation when the rarefaction wave is surrounded by two shocks at its early stage of development. As shown in Figure 4 .4, the numerical solutions of two modified schemes successfully converge to the correct entropy solution. 
2D scalar problems EXAMPLE 5.
We solve the following nonconvex conservation law in 2D : EXAMPLE 6. We solve the KPP rotating wave problem, u t + (sin(u)) x + (cos(u)) y = 0 with the initial condition u(x, y, 0) = 14 4 π, if x 2 + y 2 ≤ 1,
, otherwise.
This test was originally proposed in Kurganov et al. [5] . It is challenging to many high-order numerical schemes because the solution has a two-dimensional composite wave structure.
In Figure 4 .8, we show the contours of the solution at t = 1. In the left panel, it is observed that neither HWENO4 or WENO5 schemes can capture composite wave structures.
The composite wave structures are well captured by the HWENO4 or WENO5 with the first order modification as shown on the right panel.
Concluding remarks
We proposed modifications to FV HWENO schemes for nonconvex conservation laws based on the idea of [11] , emphasizing convergence to the entropy solution. The robustness of modified FV HWENO schemes is showed by several representative examples including 2D problems. We also compare the performance between the modified FV HWENO and WENO schemes. Fist row: first-order approximation with 400 × 400 cells; first-order approximation with 1000 × 1000 cells. Second row: regular HWENO4 with 400 × 400 cells; modified HWENO4 with 400 × 400 cells. Third row: regular WENO with 400 × 400 cells; modified WENO with 400 × 400 cells.
